Abstract: In this paper, we explicitly construct a higher spin asymptotic W 5 symmetry algebra of the three-dimensional anti-de Sitter(AdS 3 ) gravity. We use a sl(5, R) ⊕ sl(5, R) Lie algebra valued Chern-Simons gauge theory coupled to three-dimensional Einstein gravity with a negative cosmological constant and its asymptotic symmetry algebra is explicitly calculated as two copies of the classical W 5 algebra with central charge c. Our results can be interpreted as a spin 5 extension of the BT Z solution and a proof of how the higher spin Ward identities and as well as the asymptotic W 5 symmetry algebra are derived from the higher spin bulk field equations of motion. This higher spin asymptotic W 5 symmetry algebra contains a finite number of conformal primary spins: s = 2, 3, 4, 5.
Introduction
Holographic dualities, which have found many remarkable applications that range from mathematics to modern theoretical physics during the last twenty years, claim an equivalence between gravitational theories defined in the bulk of some region of space-time and field theories on the boundary of that region. By now it is studied in many diverse subfields, and the literature on the subject has become enormous. The most famous realization of the holographic duality is the AdS/CF T correspondence that was first conjectured by Juan Maldacena in 1997 [1] . To put it simply, the correspondence says that a theory of quantum gravity with a negative cosmological constant defined in an AdS 5 is equivalent to a certain CF T 4 living on its boundary.
In the case of three dimensions, the space AdS 3 has the two-dimensional conformal group SO(2, 2) as isometry group. This group acts on the two-dimensional boundary of AdS 3 as the symmetry of the two-dimensional conformal field theory CF T 2 . It is well-known that CF T 2 has a fundamental role in modern physics, therefore it has always been of interest to see to what degree a Virasoro algebra, which is its underlying symmetry algebra, may be extended. In this context, W algebras are extensions of the Virasoro algebra by currents of higher spin [2] [3] [4] [5] [6] . These algebras are available for arbitrary values of central charge, c.
Another intriguing W algebra which is very closely linked to W N algebra is W ∞ family. W algebra can then be commented in the context of a W ∞ algebra [7] [8] [9] [10] . Such an algebra is based on a higher spin operators with spin s ≥ 1 in an infinite numbers. It should be emphasized that the W ∞ has been studied for special values of parameters where the algebra is linearly realized. The first marks of connection between W ∞ and W N is given in the pioneering Ref. [10] . Based on the contemporary point of view, one can say that W ∞ is an algebra with two parameters [11] [12] [13] . The connection between W N algebra with one parameter and W ∞ algebra with two parameters is similar to the construction of the relevant higher spin algebra in Vasiliev theory [14] . In an exactly related context of the extended W algebras, one can say that the AdS 3 higher spin gravity [15] [16] [17] is an interesting extension of the pure Einstein gravity. In the case of the pure Einstein gravity on AdS 3 , Einstein gravity theory is a lot easier to handle in three dimensions than in higher dimensions, because it allows a reformulation in terms of a Chern-Simons gauge theory [18, 19] . It has also been shown by Brown and Henneaux in their seminal work [20] that the asymptotic symmetry algebra of AdS 3 bonudary is given by two copies of a classical Virasoro algebra. This result can be interpreted as a pioneer application of the AdS/CF T correspondence. Then application was generalized by Henneaux and Rey [21] and Campoleoni at al. [22, 23] to higher spin extensions on AdS 3 .
Another route is W N minimal models [24] . The quantum asymptotic symmetry algebra of the AdS 3 higher spin gravity can be seen in the context of the minimal model holographic dualities. In particular, the W N minimal models, which describe a family of two-dimensional CF T 2 with finite values of parameter N and the central charge c are dual to higher spin theories in AdS 3 [25] . More importantly, the quantization problems are partially solved by Gaberdial and Gopakumar in [26] , by the direct construction of the most general quantum W N algebra depending on asymptotic symmetry algebra with one parameter instead of asymptotic symmetry algebra with two parameters.
The impressive progress in the classification of the asymptotic symmetry algebras in recent years indicates that it is necessary to describe the AdS 3 higher spin gravity theories for sufficiently large conformal spin values. Therefore, the higher spin extensions of the AdS 3 higher spin gravity theories is still an open problem because it is not yet known at least whether to be consistent with both small and large central charges. The reason for this is fundamentally the appearance of the composite or nonlinear terms in the related asymptotic symmetry algebras. We emphasize here that the appearance of these composite terms in the related asymptotic symmetry algebras have some contradictions from the proper quantum field theory point of view. To this end, one straightforward way is to replace the usual semi -classical asymptotic symmetry algebra with a quantum version one. Finally, a deformed version of usual semi-classical asymptotic symmetry algebra with new arbitrary structure constants can be obtained. This will be the final form of the quantum asymptotic symmetry algebra of the AdS 3 higher spin gravity [2, 27, 28, 31] .
The higher spin gravity theories have also come to play recently for its remarkable role in the context of AdS/CF T correspondence. In three dimensions, within the setting of AdS 3 /CF T 2 duality, the difficulty of the higher spin gravity theories can be simplified as it is possible to truncate [21] from an infinite number of spin fields to a set of the finite spin fields within the scope of sl(N, R) ⊕ sl(N, R) 1 Chern-Simons theory. Specifically,in the sl(5, R)⊕sl(5, R) Chern -Simons theory, the higher spin AdS 3 gravity has asymptotic classical W 5 symmetry algebra, which is the focus of the present paper. We emphasize that the main idea of this type of works is that of Hamiltonian reduction through AdS -type boundary conditions, therefore W N symmetry algebras should follow straightforwardly for sufficiently large values of N , within the scope of sl(N, R)⊕sl(N, R) Chern -Simons theory. Therefore, this work is concerned with two-dimensional CF T 2 that appear in the holographic duality with higher spin theory on three dimensional AdS 3 space. The dual CF T 2 can be formulated as asymptotic W 5 symmetry algebra which is higher-spin generalisation of the Virasoro algebra describing conformal symmetry.
This paper has the following outline. In Section 2, we give a fundamental formulation of higher spin gravity within sl(2, R)⊕sl(2, R) Chern -Simons theory in three-dimensions. Section 3 is particularly devoted to the case of spin 5 where we showed in this section the principal embedding of sl(2, R) in sl(5, R), and also demonstrated how W 5 symmetry and higher spin Ward identities arise from the bulk equations of motion coupled to spin s, (s = 3, 4, 5) currents.Finally,classical W 5 symmetry algebra as asymptotic spin 5 symmetry algebra is obtained and the results are checked with the quantum W 5 algebra. We conclude with a summary for our results and a few suggestions for the future work. Appendix A and B collect our conventions for the sl(2, R) and sl(5, R) Lie algebra generators, and also the classical W 5 symmetry algebra is shown in Appendix C.
Gravity in Three Dimensions, a review:
Three dimensions is a good candidate because of its topological nature, which is a consequence of the lack of degrees of freedom. Chern-Simons theory is a quantum theory in three dimensions that computes only topological invariants. It can be defined on any manifold, and the metric does not need to be specified as it is a topological theory. Thus the physical quantities do not depend on the local geometry. Chern-Simons gravity is also a gauge theory and used as an interesting playground for investigating the AdS 3 /CF T 2 correspondence by Brown and Henneaux in their seminal work [20] in 1986. They showed that any quantum gravity theory with asymptotically AdS 3 boundary conditions in three-dimensions must be dual to CF T 2 at the meaning that asymptotic symmetries of AdS 3 are given by two duplicate copies of the Virasoro algebra and related the central charge c of the CF T 2 to the corresponding AdS 3 radius in the following way
This Brown Henneaux − formula reveals that the appropriate limit corresponds to small Newton's constant G (or large ) and so large c, known as the semi-classical limit.
Connection to Chern -Simons Theory
It is a striking fact that the vacuum Einstein AdS 3 gravity in three dimensions with a negative cosmological constant can be formulated as a Chern -Simons gauge theory, as it was first proposed by Achucarro and Townsend in [18] and developed by Witten in [19] . One can start by defining 1 -forms (A,Ā) taking values in the gauge group's sl(2, R) Lie algebra, and the trace is taken over the group generators. The Chern -Simons action can be written in the form,
where
3)
6 is the level of the Chern-Simons theory depending on the AdS radius l and the Newton's constant G with the related central charge c of the CF T 2 . Trace shows a metric on the sl(2, R) Lie algebra. The mark of the cosmological constant determines a convenient gauge group, therefore, for a negative cosmological constant A andĀ are sl(2, R) Lie algebra valued one-form, and they depend on the veilbein e a µ and dual spin connection ω a µ = abc ω bcµ as follows
The equations of motion for the Chern -Simons gauge theory gives the flatness condition F =F = 0 where
is the same as the Einstein's equation. If L a , (a = ±1, 0) are the generators of sl(2, R) Lie algebra,
A andĀ are related to the metric g µν through the veilbein e = 2 (A −Ā)
Spin 2 case is given by reviewing asymptotically AdS 3 boundary conditions for a sl(2, R) ⊕ sl(2, R) Chern -Simons theory, and how to determine the asymptotic symmetry algebra using the methods described in [29] . By using the Fefferman -Graham expansion method, the most general solution of the Einstein's equation that is asymptotically AdS, is given by with a flat boundary metric [30] 
shows the solid cylinder as the light -like coordinates and L ≡
are arbitrary functions of x ± . Therefore, one can write the light -like components of the gauge fields by using the principle embedding of sl(2, R) Lie algebra generators 10) with b = e ρL 0 , we obtain
A very important point in this description is that this theory has to be asymptotically AdS 3 , as required in [22] the boundary conditions have to be defined in a similar conditions
We will carry out such an analysis for a connection of the principal embedding including a higher spin charge, finding that the asymptotic symmetries can be identified with a classical W 2 -algebra. After that, we will only work on the positive chiral components having x + , although the same can be done in the other one as well. If we expand λ(x + ) in the sl(2, R) Lie algebra, as we did also the connection,then
We are now interested in the transformation that preserve the structure of (2.10). Under an infinitesimal gauge transformation with gauge parameter λ, a which is equivalent to A transforms as the flatness condition :
Thus we have to impose that all terms proportional to L 0 , L 1 vanish. These constraints can be solved to find 0 and −1 in terms of 1 and their derivatives. Writing 1 ≡ which is called the gauge parameter related to sl(2, R) and superscripted primes denote ∂ x + , one finds
Now, one can also determine how the function L transform under this gauge transformation. This is given by
As a final step, one now has to determine the canonical boundary charge Q[ ] that generate this transformation. Therefore, the corresponding variation of the boundary charge Q[ ] can be integrated which reads
This leads to Dirac bracket algebra by using
A Virasoro algebra can then be defined as:
, the coordinates z ≡ t − iφ andz ≡ t + iφ describe the Wick rotated complex cylinder. Therefore, the Virasoro algebra in these space is equivalent to operator product algebra
where the central charge c is again (2.1) related to the level of the Chern-Simons theory as
The same algebra is also realized as the asymptotic symmetry algebra of the anti-chiral connectionĀ having x − in terms of the second copy of sl(2, R) Lie algebra .
Higher spin Chern -Simons theory
The Chern-Simons formalism in three dimensions lends itself to generalization to higher spin theories coupled to gravity by raising the gauge group to sl(N, R). An sl(N, R) ChernSimons theory describes AdS 3 gravity theories coupled to a finite tower of integer spin-s ≤ N . Therefore, an interesting extension of pure AdS gravity can be constructed by adding massless higher spin fields to the spectrum, which proves to be particularly easy in ChernSimons formulation. The first nontrivial spin 3 extensions of higher spin theories coupled to the pure gravity can be seen in the Refs. [21, 22] ,where a consistent set of asymptotic conditions for the theory is described. It can be shown that, instead of describing difficult nonlinear interactions of the higher spin fields, promoting the sl(2, R) ⊕ sl(2, R) symmetry group of the Chern -Simons action to sl(N, R) ⊕ sl(N, R), with N > 2, is sufficient to successfully describe a higher spin theory.
A different approach to the calculation of sl(5, R) commutators
The principal embedding of sl(2, R) Lie algebra to sl(5, R) Lie algebra contains sl(2, R) the spin 2 triplet L n , (n = ±1, 0), sl(3, R) the spin 3 triplet W
n , (n = ±2, ±1, 0), sl(4, R) the spin 4 quartet W (4) n , (n = ±3, ±2, ±1, 0) and sl(5, R) the spin 5 quintet W (5) n , (n = ±4, ±3, ±2, ±1, 0) can be represented in terms of the commutation relations for L n ≡ W (2) n . Let us now explain how sl(5, R) Lie algebra can be constructed. We proceed in two steps. First, we make the most general ansatz for the commutators between all the Lie algebra generators W
Our next goal is to find concrete expressions for the structure constants f s 3 s 1 s 2 (n, m). This can be achieved by the arranging of the left and right hand sides of the commutators with the spin gradation. Then, we used the associativity of the sl(5, R) Lie algebra with Jacobi identities. Since this associativity condition is of central importance for this section, we will find 11 expressions for the structure constants f s 3 s 1 s 2 (n, m). (Further details of our conventions can be found in Appendix B).
where σ i 's are the 11 arbitrary parameters,depending on three arbitrary parameters, mainly σ 1 , σ 2 and σ 4 , which can be changed by rescaling W (s) n .
Spin 5 AdS 3 solution and conformal Ward identities
We now proceed to construct sl(5, R) connections which describe Spin 5 AdS 3 solution with non-zero higher spin charge. We consider the class of connection using the same gauge and notation as in Section(2.2), one can write down the spin 5 extension of (2.11) as [22] . In this Part, we will now make a similar calculation for Spin 5. We begin with the ansatz
where α, β, γ and δ are some scaling parameters to be determined later. After this, we analyze the holomorphic connection a 2 . If we expand λ(x + ) in the sl(5, R) Lie algebra, as we did also for the connection which is compatible with (3.5),then
The flat connection condition (2.14), dλ + [a, λ] = 0, emerges the following constraints for 24 undetermined functions of x ± . There are 24 equations with 4 parameters 1 , χ 2 , f 3 , η 4 that 2 All resulting expressions involving theĀ sector can be obtained similar as in the A sector can be chosen arbitrarily. For notational convenience, we write 1 ≡ , χ 2 ≡ χ, f 3 ≡ f , η 4 ≡ η, and show derivatives with respect to x + as primes for convenience, one finds 
here is the gauge parameter related to sl(2, R) subgroup in sl(5, R), which generate conformal transformations. Thus, we see that L can be identified with the CF T 2 stress tensor if we relate the Chern-Simons level and central charge as c = 6k. Now, first observe that if we set from (2.17) and (2.22), we can write the first scaling parameter α as
which is compatible with the central charge of the Virasoro algebra c = 6k. Finally we will set σ 1 = c . In the light of these results,for the later calculations from now on we generalize the connection (3.5) for sl(N, R) and 12) in order to match AdS 3 connection parameters to the classical W 5 asymptotic symmetry algebra as in Appendix C. Then, the following variations
define, that the each conformal field W s has the conformal spin s, with s = 3, 4, 5.
where χ is the gauge parameter related to sl(3, R) subgroup in sl(5, R), which defines spin 3 conformal Ward identity. 
where f is the gauge parameter related to sl(4, R) subgroup in sl(5, R), which defines spin 4 conformal Ward identity. 
where η is the gauge parameter related to sl(5, R), which defines spin 5 conformal Ward identity. As in the spin 2 case in (2.18), one can now determine the corresponding canonical boundary charges as
In fact, from these Ward identities ,that is, from the variation of these fields one can derive their corresponding classical asymptotic W 5 symmetry algebra as in Appendix C.
Determining the 1/c-dependence of the structure constants
So far, the asymptotic symmetry algebra we obtained is not the quantum algebra because of the appearance of the nonlinear terms in the W 5 algebra, but rather one semi-classical algebra. We know that this fits with the fact that classical limit takes c → ∞. For this, we are interested in the quantum mechanical version of the asymptotic symmetry algebra, hence we take into account normal ordering effects. We also emphasize here that we know that the normal ordered version of the algebra then becomes inconsistent for finite values of central charge c and thus has to be modified. So we have to lift the semi-classical results to quantum results and finally end up with the quantum W 5 asymptotic symmetry algebra. Finally, a deformed version of usual semi-classical asymptotic symmetry algebra with new arbitrary structure constants can be obtained [31] . This will be the final form of the quantum asymptotic symmetry algebra of the AdS 3 higher spin gravity.
In the shorthand notation , all important structure constants C s 3 s 1 s 2 's appearing in the classical asymptotic W 5 symmetry algebra as in Appendix C are given by schematically
where some important structure constants C s 3 s 1 s 2 's for classical and quantum asymptotic W 5 symmetry algebra are given by One can check as in the Table-1 that if it can be taken into account the normal ordering effects in the quantum asymptotic W 5 symmetry algebra,then the classical asymptotic W 5 symmetry algebra can be obtained under c → ∞ classical limit with 1/c correction as in the second column of the Table- which is compatible with Table-1 . Finally, one can calculate the Operator Product Expansions of the quantum W N asymptotic symmetry algebra by starting with the classical one of Chern-Simons theory based on sl(N, R) Lie algebra. The corrections for finite c in the nonlinear terms can also be determined recursively by solving some constraints for the Jacobi identities given in the Appendix C and Ref. [31] , especially for sl(5, R) Lie algebra.
Summary and Conclusion
In this work, we first reviewed a relation between AdS 3 and sl(2, R) ⊕ sl(2, R) Chern -Simons theory. The Chern -Simons formulation of AdS 3 allows for a straightforward generalization to a higher spin theory. The higher spin gauge fields have no propagating degree of freedom, but we noted that there are a large class of interesting non-trivial solution. Specifically, AdS 3 in the presence of a tower of higher spin fields up to spin 5 is obtained by enlarging sl(2, R) ⊕ sl(2, R) to sl(5, R) ⊕ sl(5, R). Finally,classical W 5 symmetry algebra as spin 5 asymptotic symmetry algebra is obtained.
As in the section 3, the asymptotic W 5 symmetry algebra we obtained is not the final form of the related algebra of the AdS 3 spin 5 gravity since it is just effectively for the Virasoro central charge c in the large values. One can proceed entirely in the same way for AdS 3 spin 5 gravity and thus determine the asymptotic symmetry algebra as quantum W 5 algebra instead of rather than semiclassical one. Therefore, we can take into account normal ordering effects of the quantum W 5 algebra as in Ref. ([31] ). So far we only discussed the classical W 5 symmetry. One may wonder, whether the quantum case also admits a description in terms of an classical W N symmetry, or a quantum version of it. These questions seem to fairly non-trivial, but it seems that the procedure does go through straightforwardly.
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A sl(2, R) generators Below, we denote the three generators of sl(2, R) Lie algebra,which will be assumed to be described by a set of matrices L a with a = ±1, 0 given by
which admit an invariant bilinear form
B sl(5, R) generators as the principal embedding of sl(2, R)
Below, we denote the five generators of sl(5, R) Lie algebra,which will be assumed to be described by a set of matrices. The principal embedding of sl(2, R) Lie algebra to sl(5, R) Lie algebra contains sl(2, R) Lie algebra the spin 2 triplet L n with n = ±1, 0, sl(3, R) Lie algebra the spin 3 triplet W
n with n = ±2, ±1, 0, sl(4, R) Lie algebra the spin 4 quartet W
n with n = ±3, ±2, ±1, 0 and sl(5, R) Lie algebra the spin 5 quintet W where
, which admit an invariant bilinear form 
180 √ 105 + L (7) 37800 (C.1h)
